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The resolution is a critical performance metric of precision mechatronic systems such as nanopositioners
and atomic force microscopes. However, there is not presently a strict definition for the measurement or
reporting of this parameter. This article defines resolution as the smallest distance between two non-
overlapping position commands. Methods are presented for simulating and predicting resolution in both
the time and frequency domains. In order to simplify resolution measurement, a new technique is pro-
posed which allows the resolution to be estimated from a measurement of the closed-loop actuator volt-
age. Simulation and experimental results demonstrate the proposed techniques. The paper concludes by
comparing the resolution benefits of new control schemes over standard output feedback techniques.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction

A nanopositioning system is an electromechanical device for
maneuvering an object in three or more degrees of freedom. A typ-
ical nanopositioner consists of base, a moving platform, actuators,
position sensors, and a control system [1]. These devices are com-
monly used in scanning probe microscopes [2–5] to develop dis-
placements of between one and one-hundred micrometers with a
resolution on the order of one nanometer or less. Other applica-
tions of nanopositioning systems include nanofabrication [6–8],
data storage [9], cell surgery [10], and precision optics [11].

Although the resolution is a key performance criteria in many
applications, there is unfortunately no strict definition available
in the literature. There are also no published industrial standards
for the measurement or reporting of positioning resolution. Pre-
dictably, this has led to a wide variety of fragmented techniques
used throughout both academia and industry. As a result, it is ex-
tremely difficult to compare the performance of different control
strategies or commercial products.

The most reliable method for the measurement of resolution is
to utilize an auxiliary sensor that is not involved in the feedback
loop. However, this requires a sensor with less additive noise and
greater bandwidth than the displacement to be measured. Due to
these strict requirements, the direct measurement approach is of-
ten impractical or impossible. Instead, the closed-loop positioning
noise is usually predicted from measurements of known noise
sources such as the sensor noise.

In industrial and commercial applications, the methods used to
measure and report closed-loop resolution vary widely.
Unfortunately, many of these techniques do not provide complete
information and may even be misleading. For example, the RMS
noise and resolution is commonly reported without mention of
the closed-loop or measurement bandwidth. In the academic liter-
ature, the practices for reporting noise and resolution also vary.
The most common approach is to predict the closed-loop noise
from measurements of the sensor noise [9,12]. However, this ap-
proach can underestimate the true noise since the influence of
the high-voltage amplifier is neglected.

In this article, practical methods are described for the experi-
mental characterization of resolution down to the atomic scale.
Although the focus is on nanopositioning applications, the back-
ground theory and measurement techniques are applicable to
any control system where resolution is a factor.
2. Resolution and noise

Since the noise sources that contribute to random position er-
rors can have a potentially large dispersion, it is impractically con-
servative to specify a resolution where adjacent points never
overlap. Instead, it is preferable to state the probability that the ac-
tual position is within a certain error bound. Consider the example
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Fig. 1. The random motion of a two-dimensional nanopositioner. The random motion in the x and y-axis is bounded by dx and dy. In the x-axis, the standard deviation and
mean are rx and mx respectively. The shaded areas represent the probability of the position being outside the range specified by dx.
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of random positioning errors plotted in Fig. 1(a). Observe that the
peak-to-peak amplitude of random motion is bounded by dx and
dy, however this range is occasionally exceeded. If the random
position variation is assumed to be Gaussian distributed, the prob-
ability density functions of three adjacent points, spaced by dx, are
plotted in Fig. 1(b). In this example, dx is equal to ±3rx or 6rx, that
is, 99.7% of the samples fall within the range specified by dx. Re-
stated, there is a 0.3% chance that the position is exceeding dx

and straying into a neighboring area, this probability is shaded in
gray.

For many positioning applications, a 99.7% probability that the
position falls within dx = 6rx is an appropriate definition for the
resolution. To be precise, this definition should be referred to as
the 6r-resolution and specifies the minimum spacing between
two adjacent points that do not overlap 99.7% of the time. In the
following, this definition will be adopted for the resolution of
nanopositioning systems.
3. Sources of nanopositioning noise

The three major sources of noise in a nanopositioning systems
are the sensor noise, external noise, and the amplifier output volt-
age noise.
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Fig. 2. The simplified schematic of a voltage amplifier and its equivalent noise
circuit. The noise sources Vn and In represent the equivalent input voltage noise and
current noise of the amplifier. VR1 and VR2 are the thermal noise of the feedback
resistors.
3.1. Sensor noise

The noise characteristics of a position sensor are primarily
dependent on the physical method used for detection [13].
Although there are a vast range of sensing techniques available,
for the purpose of noise analysis, these can be grouped into two
catergories: baseband sensors and modulated sensors.

Baseband sensors involve a direct measurement of position
from a physical variable that is sensitive to displacement. Exam-
ples include resistive strain sensors, piezoelectric strain sensors
and optical triangulation sensors [14,15,13]. The power spectral
density of a baseband sensor is typically described by the sum of
white noise and 1/f noise, where 1/f noise has a power spectral
density that is inversely proportional to frequency [16,17]. 1/f
noise is used to approximate the power spectrum of physical pro-
cesses such as flicker noise in resistors and current noise in transis-
tor junctions. The power spectral density of a baseband sensor
Sns ðf Þ can be written

Sns ðf Þ ¼ As
fnc

j f j þ As; ð1Þ

where As is the mid-band density, expressed in units2/Hz and fnc is
the 1/f corner frequency.
Modulated sensors use a high-frequency excitation to detect
position. For example, capacitive position sensors, eddy-current
sensors, LVDT sensors [14,13]. Although these sensors require a
demodulation process that inevitably adds noise, this disadvantage
is usually outweighed by the removal or reduction of 1/f noise. The
power spectral density Sns ðf Þ of a modulated sensor can generally
be approximated by

Sns ðf Þ ¼ As; ð2Þ

where As is the noise density, expressed in units2/Hz.

3.2. External noise

The external force noise exerted on a nanopositioner is highly
dependent on the ambient environmental conditions and cannot
be generalized. Typically, the power spectral density consists of
broad spectrum background vibration with a number of narrow
band spikes at harmonic frequencies of the mains power source
and any local rotating machinery. Although the external force
noise must be measured in situ, for the purposes of simulation, it
is useful to assume a white power spectral density Aw, that is

Swðf Þ ¼ Aw: ð3Þ

Clearly a white power spectral density does not provide an accurate
estimate of externally induced position noise. However, it does
illustrate the response of the control system to noise from this
source.



Table 2
The output voltage noise contributions of the high-voltage amplifier circuit in Fig. 2,
where k is Boltzmann’s constant (1.38 � 10�23 J/K) and T is the temperature in Kelvin.

Source Vo BJT circuit

ðnV=
ffiffiffiffiffiffi
Hz
p

Þ
JFET circuit

ðnV=
ffiffiffiffiffiffi
Hz
p

Þ

Voltage noise Vn Vn
R2þR1

R1
201 1002

Current noise In InR2 2000 20

R1 noise =
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4kTR1

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
4kTR1

p
R2
R1

251 251

R2 noise =
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4kTR2

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
4kTR2

p
57 57

Total 2027 1034

Table 3
Equivalent noise bandwidth fe of some low-order filters with cut-
off frequency fc.

Filter order fe

1 1.57 � fc

2 1.11 � fc

3 1.05 � fc

4 1.025 � fc

1/ f

AV

S Vn ( f )

f
fnc

(a) Input voltage noise Vn

AV

β2

S Vo ( f )

f
fnc fV

(b) Output voltage noise Vo

Fig. 3. Power spectral density of the input and output voltage noise of a high-
voltage amplifier. fnc is the noise corner frequency.
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3.3. Amplifier noise

The high-voltage amplifier is a key component of any piezoelec-
tric actuated system. It amplifies the control signal from a few volts
up to the hundreds of volts required to obtain full stroke from the
actuator. For the purpose of noise analysis, the simplified sche-
matic diagram of a non-inverting amplifier in shown in Fig. 2(a).
This model is sufficient to represent the characteristics of interest.
The opamp represents the differential gain stage and output stage
of the amplifier. As high-voltage amplifiers are often stabilized by a
dominant pole, the open-loop dynamics can be approximated by a
high-gain integrator C(s) = aol/s, where aol is the open-loop DC gain.
With this approximation, the closed-loop transfer function is

Vo

Vin
¼ 1

b
aolb

sþ aolb
; ð4Þ

where bis the feedback gain R1
R2þR1

. The closed-loop DC gain and
�3 dB bandwidth are:

DC Gain ¼ 1
b
¼ R2 þ R1

R1
; ð5Þ

Bandwidth ¼ aolb ¼ aol
R1

R2 þ R1
rad=s:

The random noise of a high-voltage amplifier is dominated by
the thermal noise of the feedback resistors and the noise generated
by the amplifier circuit that precedes the most gain, which is the
differential input stage. These noise processes are illustrated in
Fig. 2(b) and are assumed to be Gaussian distributed white noise
with spectral density expressed in nV or pA per

ffiffiffiffiffiffi
Hz
p

. Typical val-
ues for the resistances and noise sources are shown in Table 1.

To find the spectral density of the output voltage, the contribu-
tion from each source must be computed then square-summed.
The equations relating each noise source to the output voltage
[18] are collated in Table 2. Also included in Table 2 are the simu-
lated noise values for the example parameters listed in Table 1.
Both circuits have a gain of 20 achieved with a 200 kX and
10.5 kX feedback resistor network. The difference between the
two circuits is the choice of transistors in the input differential gain
stage of the amplifier. One uses Bipolar Junction Transistors (BJTs)
while the other uses Junction Field Effect Transistors (JFETs). While
BJTs have a lower noise voltage than JFETs, they also exhibit signif-
icant current noise which renders them unsuitable in applications
involving large source impedances. As the feedback resistor R2 in a
high-voltage amplifier is typically in the hundreds of kXor MX, the
dominant noise process in a BJT circuit is always the current noise
In. This is observed in the BJT example in Table 2. JFETs are not of-
ten used in low-noise applications as they exhibit higher voltage-
noise than BJT circuits. However, due to the extremely low cur-
rent-noise of JFETs and the importance of current-noise in this
application, JFETs are preferable.

Table 2 lists the output power spectral densities of the BJT and
JFET circuit. To find the total RMS and peak-to-peak noise voltage,
the equivalent noise bandwidth of the amplifier can be determined
Table 1
Example noise and resistance parameters for the amplifier shown in Fig. 2. Two cases
are considered, one where the differential input stage is constructed from Bipolar
Junction Transistors (BJTs) and another where Junction Field Effect Transistors (JFETs)
are used.

BJT circuit JFET circuit ðnV=
ffiffiffiffiffiffi
Hz
p

Þ

Vn 10 nV=
ffiffiffiffiffiffi
Hz
p

50 nV=
ffiffiffiffiffiffi
Hz
p

In 10 pA/
ffiffiffiffiffiffi
Hz
p

0.1 pA/
ffiffiffiffiffiffi
Hz
p

R1 10.5 kX 10.5 kX
R2 200 kX 200 kX
using Table 3. However, the noise power spectral densities of Vn

and In also exhibit 1/f noise or flicker noise, as illustrated in
Fig. 3(a).

The noise density in Fig. 3(a) can be described as the sum of a
white noise process and 1/f noise, that is, the power spectral den-
sity can be written

SVn ðf Þ ¼ AV
fnc

j f j þ AV : ð6Þ

where fnc is the noise corner frequency and AV is the mid-band den-
sity, expressed in V2/Hz.

Since the voltage noise Vn strongly dominates the output noise
in this case, the other sources can be readily neglected. The power
spectral density of the amplifier output voltage is then
approximately
SVo ðf Þ ¼ AV
fnc

j f j þ AV

� �
1
b2

aolb
j2pf þ aolb

����
����
2

; ð7Þ

¼ AV

b2

fnc

j f j þ 1
� �

f 2
V

f 2 þ f 2
V

; ð8Þ

where fV = aolb/2p is the closed-loop bandwidth of the amplifier (in
Hz) and 1/b is the DC gain. The power spectral density of the output
voltage noise is plotted in Fig. 3(b).
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In addition to the power spectral density, the time-domain var-
iance of the output voltage noise Vo is also of interest. This can be
determined directly from the power spectral density,

E V2
o

h i
¼ AV

b2

Z 1

0

fnc

j f j þ 1
� �

f 2
V

f 2 þ f 2
V

ð9Þ

¼ AV

b2

Z 1

0

fnc

j f j
f 2
V

f 2 þ f 2
V

df þ
Z 1

0

f 2
V

f 2 þ f 2
V

df
� �

ð10Þ

In this expression there are two integral terms. The second integral
term represents the variance of a first-order filter driven with white
noise and can be evaluated using Table 3. The first integral can be
evaluated with the following integral pair obtained from [19]
(45.3.6.14)Z

1
f

1

bf 2 þ a
df ¼ 1

2a
log

f 2

bf 2 þ a
: ð11Þ

Rearranging (10) and substituting the result for the second term
yields

E V2
o

h i
¼ AV

b2 fncf 2
V

Z 1

0

1
f

1
f 2 þ f 2

V

df þ 1:57f V

� �
; ð12Þ

which can be solved with the integral pair (11) where a ¼ f 2
V and

b = 1. The result is

E V2
o

h i
¼ AV

b2

fnc

2
log

f 2

f 2 þ f 2
V

� �1
0

þ 1:57f V

� �
: ð13Þ

The first term in this equation is problematic as it represents a pro-
cess with infinite variance which is due to the low-frequency drift
associated with 1/f noise. In the analysis of devices that exhibit 1/
f noise, for example opamps, it is preferable to make a distinction
between drift and noise. Noise is defined as the varying part of a sig-
nal with frequency components above fL Hz, while drift is defined as
random motion below fL Hz. In nanopositioning applications, a suit-
able choice for fL is between 0.01 Hz and 0.1 Hz.

The expression for variance can be modified to include only fre-
quencies above fL,

E V2
o

h i
¼ AV

b2

fnc

2
log

f 2
L þ f 2

V

f 2
L

þ 1:57f V

� �
: ð14Þ

From this equation, two important properties can be observed:

1. The variance is not strongly dependent on fL so the choice of this
parameter is not critical; and

2. The variance is proportional to the noise corner frequency fnc, so
this parameter should be minimized at all costs.

For an example of the importance of 1/f noise, consider a stan-
dard voltage amplifier with a gain of 20, a bandwidth of 2 kHz, an
input voltage noise density of 10,000 nV2/Hz (100 nV/

ffiffiffiffiffiffi
Hz
p

Þ, and a
noise corner frequency of 100 Hz. The total variance of the output
voltage noise is 0.0165 mV2, which is equivalent to an RMS value of
0.13 mV and a peak-to-peak amplitude of 0.77 mV. The 1/f noise
accounts for 24% of the variance.

If the noise corner frequency is increased by a factor of ten, the
peak-to-peak noise approximately doubles to 1.4 mV and the 1/f
Table 4
Summary of the foremost noise sources in a nanopositioning system.

Noise source Symbol Power spectral density

Amplifier voltage noise SVo ðf Þ AV

b2
fnc
jf j þ 1
� 	

f 2
V

f 2þf 2
V

Sensor noise Sns ðf Þ As

External noise Sw(f) Aw
noise now accounts for 76% of the variance. Hence, the noise corner
frequency should be kept as low as possible.

4. Closed-loop position noise

In the previous section it was concluded that the foremost
sources of noise in a nanopositioning application are the amplifier
noise, sensor noise and external noise. The spectral densities of
these sources is summarized in Table 4. In the following, the
closed-loop position noise due to each source is derived.

4.1. Noise sensitivity functions

To derive the closed-loop position noise, the response of the
closed-loop system to each noise source must be considered. In
particular, we need to specify the location where each source en-
ters the feedback loop. The amplifier noise Vo appears at the plant
input. In contrast, the external noise w acts at the plant output, and
the sensor noise ns disturbs the measurement.

A single axis feedback loop with additive noise sources is illus-
trated in Fig. 4. For the sake of simplicity, the voltage amplifier is
considered to be part of the controller. The transfer function from
the amplifier voltage noise Vo to the position d is the input sensitiv-
ity function,

dðsÞ
VoðsÞ

¼ PðsÞ
1þ CðsÞPðsÞ : ð15Þ

Likewise, the transfer function from the external noise w to the
position d is the sensitivity function,

dðsÞ
wðsÞ ¼

1
1þ CðsÞPðsÞ : ð16Þ

Finally, the transfer function from the sensor noise ns to the po-
sition d is the negated complementary sensitivity function,

dðsÞ
nsðsÞ

¼ �CðsÞPðsÞ
1þ CðsÞPðsÞ ð17Þ
4.2. Closed-loop position noise spectral density

With knowledge of the sensitivity functions and the noise
power spectral densities, the power spectral density of the position
noise due to each source can be derived. The position noise power
spectral density due to the amplifier output voltage noise SdVo ðf Þ is

SdVo ðf Þ ¼ SVo ðf Þ
dðj2pf Þ

Voðj2pf Þ

����
����
2

; ð18Þ

¼ AV

b2

fnc

j f j þ 1
� �

f 2
V

f 2 þ f 2
V

dðj2pf Þ
Voðj2pf Þ

����
����

2

: ð19Þ

Similarly, the position noise power spectral density due to the
external force noise Sdw(f) is
ns

Fig. 4. A single axis feedback control loop with a plant P and controller C. The
amplifier voltage noise Vo acts at the plant input while the external noise w effects
the actual position and the sensor noise ns disturbs the measurement. Va is voltage
noise applied to the nanopositioner including the amplifier noise and the filtered
sensor noise.
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Sdwðf Þ ¼ Swðf Þ
dðj2pf Þ
wðj2pf Þ

����
����

2

; ð20Þ

¼ Aw
dðj2pf Þ
wðj2pf Þ

����
����

2

: ð21Þ

Finally, the position noise power spectral density due to the
sensor noise Sdns ðf Þ is

Sdns ðf Þ ¼ Sns ðf Þ
dðj2pf Þ
nsðj2pf Þ

����
����
2

; ð22Þ

¼ As:
dðj2pf Þ
nsðj2pf Þ

����
����

2

: ð23Þ

The total position noise power spectral density Sd(f) is the sum
of the three individual sources,

Sdðf Þ ¼ SdVo ðf Þ þ Sdwðf Þ þ Sdns ðf Þ: ð24Þ

The position noise variance can also be found

E d2
h i

¼
Z 1

0
Sdðf Þdf ; ð25Þ

which is best evaluated numerically. If the noise is Gaussian distrib-
uted, the 6r-resolution of the nanopositioner is

6r� resolution ¼ 6
ffiffiffiffiffiffiffiffiffiffi
E½d2�

q
ð26Þ
4.3. Closed-loop noise approximations with integral control

If a simple integral controller is used, C(s) = a/s, the transfer
functions from the amplifier and external noise to displacement
can be approximated by

dðsÞ
VoðsÞ

¼ sPð0Þ
sþ aPð0Þ ;

dðsÞ
wðsÞ ¼

s
sþ aPð0Þ ; ð27Þ

where P(0) is the DC-Gain of the plant. Likewise, the complimentary
sensitivity function can be approximated by

dðsÞ
nsðsÞ

¼ aPð0Þ
sþ aPð0Þ : ð28Þ

With the above approximations of the sensitivity functions, the
closed-loop position noise power spectral density can be derived.
From (19) and (27) the position noise density due to the amplifier
voltage noise SdVo ðf Þ is

SdVo ðf Þ �
AV Pð0Þ2

b2

fnc

j f j þ 1
� �

f 2
V

f 2 þ f 2
V

f 2

f 2 þ f 2
cl

; ð29Þ

where fcl ¼ aPð0Þ
2p is the closed-loop bandwidth. As illustrated in

Fig. 5(a), the position noise due to the amplifier has a bandpass
characteristic with a mid-band density of AVP(0)2/b2.
AV P(0)2

β2

S dVo ( f )

f
fnc fVfcl

(a) The position noise power spectral
density due to amplifier voltage noise
S dVo ( f )

Aw

S dw( f )

fcl

(b) The position nois
density due to extern

Fig. 5. The position noise power spectral density due to the amplifier voltage noise (a),
loop bandwidth fcl, the position noise is dominated by the sensor. At higher frequencies
From (21) and (28) the position noise density due to the exter-
nal noise Sdw(f) is

Sdwðf Þ � Aw
f 2

f 2 þ f 2
cl

; ð30Þ

which has a high-pass characteristic as illustrated in Fig. 5(b) with a
corner frequency equal to the closed-loop bandwidth.

The closed-loop position noise due to the sensor Sdns ðf Þ can be
derived from (23) and (28), and is

Sdns ðf Þ � As
f 2
cl

f 2 þ f 2
cl

; ð31Þ

which has a low-pass characteristic with a density of As and a corner
frequency equal to the closed-loop bandwidth, as illustrated in
Fig. 5(c).

The power spectral densities due to each source are plotted in
Fig. 5. As the closed-loop bandwidth fcl is increased, the sensor
noise contribution also increases. However, a greater closed-loop
bandwidth also results in attenuation of the amplifier voltage noise
and external force noise. Hence, a lesser closed-loop bandwidth
does not necessarily imply a lesser position noise, particularly if
the amplifier or external force noise is significant. An important
observation is that the amplifier bandwidth fV should not be
unnecessarily higher than the closed-loop bandwidth fcl. In addi-
tion, if the sensor induced noise is small compared to the amplifier
induced noise, the closed-loop bandwidth should preferably be
greater than the noise corner frequency of the voltage amplifier.

4.4. Closed-loop position noise variance

Although the expression for variance (25) is generally evaluated
numerically, in some cases it is straightforward and useful to de-
rive analytic expressions. One such case is the position noise vari-
ance due to sensor noise (E[d2]due to ns) when integral control is
applied. As demonstrated in the forthcoming examples, sensor
noise is typically the dominant noise process in a feedback con-
trolled nanopositioning system. As a result, other noise sources
can sometimes by neglected.

As the sensor noise density is approximately constant and the
sensitivity function (28) is approximately first-order, the resulting
position noise can be determined from Table 3,ffiffiffiffiffiffiffiffiffiffi

E½d2�
q

due to ns ¼
ffiffiffiffiffi
As

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:57f cl

q
; ð32Þ

The corresponding 6r-resolution is

6r� resolution ¼ 6
ffiffiffiffiffi
As

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:57f cl

q
: ð33Þ
f

e power spectral
al noise S dw( f )

As

S dns ( f )

f
fcl

(c) The position noise power spectral
density due to sensor noise S dns ( f )

external disturbance (b) and sensor noise (c). At frequencies lower than the closed-
, the amplifier noise and external disturbances dominate.



Table 5
Specifications of an example nanopositioning system.

Parameter Value Alternate units

Closed-loop bandwidth fcl 50 Hz
Controller gain a 314
Amplifier bandwidth fV 2 kHz
Amplifier gain 1/b 50
Amplifier input voltage noise AV 100 nV/

ffiffiffiffiffiffi
Hz
p

10,000 nV2/Hz

Amplifier output voltage noise 5 lV=
ffiffiffiffiffiffi
Hz
p

25 lV2/Hz

Amplifier noise corner frequency fnc 100 Hz
Sensor noise As 20 pm=

ffiffiffiffiffiffi
Hz
p

400 pm2/Hz

Position range 100 lm
Sensitivity P(0) 500 nm/V
Resonance frequency xr 2p � 103 r/s 1 kHz
Damping ratio fr 0.05
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This expression can be used to determine the minimum resolu-
tion of a nanopositioning system given only the sensor noise den-
sity and closed-loop bandwidth. It can also be rearranged to reveal
the maximum closed-loop bandwidth achievable given the sensor
noise density and the required resolution.

maximum bandwidthðHzÞ ¼ 6r� resolution
7:51

ffiffiffiffiffi
As
p

� �2

: ð34Þ

For example, consider a nanopositioner with integral feedback con-
trol and a capacitive sensor with a noise density of 30 pm/

ffiffiffiffiffiffi
Hz
p

. The
maximum bandwidth with a resolution of 1 nm is

maximum bandwidth ¼ 1� 10�9

7:51� 30� 10�12

 !2

¼ 11 Hz
4.5. A note on units

In the previous discussion it was been assumed that the
nanopositioner model P(s) in Fig. 4 has an output equal to position,
preferably in nanometers. In practice however, this signal is the
output voltage of a displacement sensor with sensitivity, k V/nm
or 1/k nm/V. Rather than incorporating an additional gain into
the equations above, it is preferable to perform the analysis with
respect to the output voltage, then scale the result accordingly.

For example, if a nanopositioner has an output sensor voltage of
1 mV/nm, the noise analysis can be performed to find the spectral
density and variance of the sensor voltage. Once the final power
spectral density has been found, it can be scaled to nm by multiply-
ing by 1/k2, which in this case is 1/(1 � 10�3)2. Alternatively, the
RMS value or 6r-resolution can be found in terms of the sensor
voltage then multiplied by 1/k.

5. Simulation examples

5.1. Integral controller noise simulation

In this section an example nanopositioner is considered with a
range of 100 lm at 200 V and a resonance frequency of 1 kHz. The
system model is

PðsÞ ¼ 500
nm
V
� x2

r

s2 þ 2xrfrsþx2
r
; ð35Þ

where xr = 2p1000 and fr = 0.05. The system includes a capacitive
position sensor and voltage amplifier with the following
specifications.

� The capacitive position sensor has a noise density of
20 pm=

ffiffiffiffiffiffi
Hz
p

.
� The voltage amplifier has a gain of 20, a bandwidth of 2 kHz, an

input voltage noise density of 100 nV/
ffiffiffiffiffiffi
Hz
p

, and a noise corner
frequency of 100 Hz.

The feedback controller in this example is a simple integral con-
troller with compensation for the sensitivity of the plant, that is

CðsÞ ¼ 1
500 nm=V

a
s
; ð36Þ

where a is the gain of the controller and also the approximate band-
width (in rad/s) of the closed-loop system. All of the system param-
eters are summarized in Table 5.

With the noise characteristics and system dynamics defined,
the next step is to compute the spectral density of the position
noise due to the amplifier voltage noise, which is
SdVo ðf Þ ¼ SVo ðf Þ
dðj2pf Þ

Voðj2pf Þ

����
����
2

ð37Þ

¼ AV

b2

fnc

j f j þ 1
� �

f 2
V

f 2 þ f 2
V

Pðj2pf Þ
1þ Cðj2pf ÞPðj2pf Þ

����
����
2

: ð38Þ

The power spectral density of position noise due to the sensor
noise can also be found from Eq. (23)

Sdns ðf Þ ¼ Sns ðf Þ
dðj2pf Þ
nsðj2pf Þ

����
����

2

ð39Þ

¼ As
Cðj2pf ÞPðj2pf Þ

1þ Cðj2pf ÞPðj2pf Þ

����
����

2

: ð40Þ

The total density of the position noise can now be calculated
from Eq. (24). The total spectral density and its components are
plotted in Fig. 6(a). Clearly, the sensor noise is the dominant noise
process. This is the case in most nanopositioning systems with
closed-loop position feedback.

The variance of the position noise can be determined by solving
the integral for variance numerically,

r2 ¼ E d2
h i

¼
Z 1

0
Sdðf Þdf ð41Þ

The result is

r2 ¼ 0:24 nm2; or r ¼ 0:49 nm;

which implies a 6r-resolution of 2.9 nm.
In systems with lower closed-loop bandwidth, the 1/f noise of

the amplifier can become dominant. For example, if the closed-
loop bandwidth of the previous example is reduced to 1 Hz, the
new power spectral density, plotted Fig. 6(b), differs significantly.
The resulting variance and standard deviation are

r2 ¼ 0:093 nm2; or r ¼ 0:30 nm;

which implies a 6r-resolution of 1.8 nm. Not a significant reduction
considering that the closed-loop bandwidth has been reduced to 2%
of its previous value. More generally, the resolution can be plotted
against a range of closed-loop bandwidths to reveal the trend. In
Fig. 7, the 6r-resolution is plotted against a range of closed-loop
bandwidths from 100 mHz to 60 Hz. The curve has a minima of
1.8 nm at 0.4 Hz. Below this frequency, amplifier noise is the major
contributor, while at higher frequencies, sensor noise is more
significant.

5.2. Noise simulation with inverse model controller

In the previous example, the integral controller does not permit
a closed-loop bandwidth greater than 100 Hz. Many other model-
based controllers can achieve much better performance. One sim-
ple controller that demonstrates the noise characteristics of a mod-
el based controller is the combination of an integrator and notch
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Fig. 6. The spectral density of the total position noise
ffiffiffiffiffiffiffiffiffiffiffi
Sdðf Þ

p
and its two components, the amplifier output voltage noise

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SdVo ðf Þ

p
and sensor noise

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Sdns ðf Þ

p
(all in pm=

ffiffiffiffiffiffi
Hz
p

).
With a 50 Hz bandwidth (a), the total noise is primarily due to the sensor. However, with a lower bandwidth of 1 Hz (b), the noise is dominated by the voltage amplifier.
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filter, or direct inverse controller. The transfer function is an inte-
grator combined with an inverse model of the plant,

CðsÞ ¼ a
s

1
500 nm=V

s2 þ 2xrfrsþx2
r

xr
: ð42Þ

The resulting loop-gain C(s)P(s) is an integrator, so stability is
guaranteed and the closed-loop bandwidth is a rad/s. With such
a controller it is now possible to examine the noise performance
of feedback systems with wide bandwidth.

Aside from improved bandwidth, the inverse controller also
eliminates the resonance peak in the sensor induced noise spec-
trum. This benefit also occurs with controllers designed to damp
the resonance peak [20]. After following the same procedure de-
scribed in the previous section, the resulting variance for a
closed-loop bandwidth of 500 Hz is

r2 ¼ 0:37 nm2; or r ¼ 0:61 nm;

which implies a 6r-resolution of 3.7 nm. This is not significantly
greater than the 50 Hz controller bandwidth in the previous exam-
ple, which resulted in a 2.9 nm resolution. When the closed-loop
bandwidth of the inverse controller is reduced to 50 Hz, the resolu-
tion is 2.1 nm, which is slightly better than the previous example.
The difference is due to the absence of the resonance peak in the
sensor induced noise.

The resolution of the inverse controller is plotted for a wide
range of bandwidths in Fig. 7. The minimum resolution is 1.8 nm
at 1 Hz. After approximately 100 Hz, the position noise is due pre-
dominantly to the sensor-noise which is proportional to the
square-root of closed-loop bandwidth, as described in Eq. (33).
5.3. Feedback versus feedforward control

A commonly discussed advantage of feedforward control sys-
tems is the absence of sensor induced noise. However, this view
does not take into account the presence of 1/f amplifier noise that
can result in significant peak-to-peak amplitude.

It is not necessary to derive equations for the noise performance
of feedforward systems as this is a special case of the feedback
examples already discussed. The positioning noise of a feedforward
control system is equivalent to a feedback control system when
C(s) = 0. Thus, the feedforward controller resolution is the DC reso-
lution of these plots, which in both cases is 2.60 nm.

It is interesting to note that both the integral and inverse con-
troller can achieve slightly less positioning noise than a
feedforward control system when the closed-loop bandwidth is
very low. This is because the amplifier noise density is greater than
the sensor noise density at low frequencies. In the examples con-
sidered, the optimal noise performance was achieved with a feed-
back controller of around 1-Hz bandwidth. A practical system
would also require a feedforward input [21].
6. Practical frequency domain noise measurements

The use of a spectrum analyzer to measure noise directly in the
frequency domain has many advantages over the time-domain.
Firstly, the inputs to a spectrum analyzer are typically equipped
with dynamic signal scaling so that low amplitude signals can eas-
ily be dealt with. Secondly, spectrum analyzers record a very large
amount of low-information data, and through averaging and Fou-
rier transformation, create a small amount of high-information
data. If a spectrum analyzer is not available, a signal’s spectrum
can also be estimated from time domain recordings.
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Fig. 8. A frequency domain noise measurement with a preamplifier and spectrum
analyzer.
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6.1. Preamplification

As the amplitude of a typical noise signal is too small to be ap-
plied directly to a spectrum analyzer, it must first be amplified. The
signal-path of a noise measurement experiment is illustrated in
Fig. 8. A low-noise preamplifier is used between the noise signal
and spectrum analyzer. Its purpose is to remove offset voltage
and to amplify the signal from microvolts or millivolts to around
100 mV RMS or greater.

To remove the offset voltage and low-frequency drift, an
AC-coupled preamplifier uses a first-order high-pass filter to elim-
inate the DC component of the signal. However, AC-coupling in
some instruments implies a cut-off frequency of up to 20 Hz. This
is intolerably high in nanopositioning applications where the cut-
off frequency should be less than 0.1 Hz. Noise components with
frequency less that 0.01 Hz are usually referred to as drift and
are not considered here. Most specialty low-noise preamplifiers
have the provision for a low-frequency high-pass filter, for exam-
ple, the Stanford Research SR560 low-noise amplifier has a high-
pass cut-off frequency of 0.03 Hz.

When utilizing low-frequency filters, it is important to allow
the transient response of the filter to decay before recording data.
When measuring small AC signals with large DC components, it
may take in excess of 20 time-constants for the transient response
to become negligible. With an AC coupling frequency of 0.03 Hz,
the required delay is approximately 100 s. More generally, the
measurement delay TD should be at least

TD ¼
20

2pfc
ð43Þ

where fc is the high-pass filter cut-off.

6.2. Optimizing the performance of a spectrum analyzer

When using a spectrum analyzer to record power spectral den-
sity, the instrument collects each segment individually then up-
dates a running average of the estimate. This is convenient as it
avoids the need to record a large amount of time-domain data. It
also allows the user to assess the variance of the data in real time
which is a simple method for deciding how long to run the
experiment.

Regardless of the window function used, the finite data length
of each segment results in windowing distortion. This distortion
is most evident near 0 Hz where it is convolved with the offset of
the signal. The frequency width of windowing distortions can be
reduced by increasing the number of samples in each segment.
However, this also increases the data lengths and requires more
averaging cycles. Low-frequency data points that exhibit window-
ing artifacts should be removed.

The Fast Fourier transform is defined at uniformly spaced fre-
quencies, this emphasizes higher frequencies when plotted on a
logarithmic scale. When studying the spectra of linear systems,
logarithmically spaced frequencies are preferred. To approximate
this, a wide bandwidth spectral measurement can be split into a
number of one or two decade bands.
Typical spectrum analyzers provide a wide range of options for
the measurement unit. The units of V/

ffiffiffiffiffiffi
Hz
p

or V2/Hz are recom-
mended. The RMS Voltage (Vrms) should be used for noise
measurements.

When measuring the power spectral density with a dynamic
signal analyzer, it is important to note whether the data is a
double-sided or single-sided spectrum and perform a conversion
if necessary. The single-sided spectrum is utilized in this work.
7. Experimental demonstration

In this section, an example noise analysis is performed on the
piezoelectric tube scanner described in Fig. 9 and Ref. [22]. The fre-
quency response is plotted in Fig. 10. The goal is to quantify the
achievable resolution as a function of closed-loop bandwidth.

The voltage amplifier used to drive the tube is a Nanonis HVA4
high-voltage amplifier with a gain of 40. To measure the noise, the
amplifier input was grounded and the output was amplified by
1000 using an SR560 preamplifier. To remove DC offset, the input
of the preamplifier was AC-coupled with a 0.03 Hz cut-off
frequency.

The sensor under consideration is an ADE Tech 4810 Gaging
Module with 2804 capacitive sensor, which has a full range of
±100 lm and a sensitivity of 0.1 V/lm. To measure the noise, the
sensor is mounted inside an Aluminum block with a flat-bottomed
hole and grub screws to secure the probe.

The spectral density of each noise source was recorded with an
HP 35670A dynamic signal analyzer. Two frequency ranges were
used, one from 0 to 12.5 Hz with 400 points to capture low-fre-
quency noise, and another from 0 Hz to 1.6 kHz with 1600 points.
An acceptable measurement variance was achieved with 100 aver-
ages for the low-frequency range and 700 averages for the high-
frequency range. After exporting the data in V/

ffiffiffiffiffiffi
Hz
p

, the two data
sets were concatenated in Matlab. Windowing distortions at DC
were removed by truncating the first five frequency points of the
low-frequency measurement.

The spectral density of the amplifier was measured to be
approximately 1 lV/

ffiffiffiffiffiffi
Hz
p

with a 1/f corner frequency of 3 Hz. The
resulting open-loop position noise is found using Eq. (18) and the
frequency response plotted in Fig. 10. The position noise spectral
densities due to the amplifier and sensor are plotted in Fig. 11(a)
and (b). Above the 1/f corner frequency of 2 Hz, the noise density
of the sensor is approximately 25 pm=

ffiffiffiffiffiffi
Hz
p

, which is significantly
greater than the noise due to the voltage amplifier.

With knowledge of the voltage and sensor noise, the closed-
loop positioning noise can be computed. For the sake of demon-
stration, an inverse controller similar to that used previously is
considered. This is representative of a wide range of model-based
controllers. The controller transfer function is,

CðsÞ ¼ a
s

1
PðsÞ ; ð44Þ

where P(s) is the nanopositioner response plotted in Fig. 10. The
sensitivity functions and position noise density due to each source
are computed from Eqs. (27) and (28). The resolution is then be
found from Eqs. (24)–(26).

In Fig. 12 the closed-loop positioning resolution is plotted
against closed-loop bandwidth, which is equal to a/2p. The minima
of 0.5 nm occurs at 0 Hz which implies that feedforward would re-
sults in the least positioning noise. In closed-loop, the positioning
resolution becomes greater than twice the open-loop noise at fre-
quencies greater than 15 Hz. At higher frequencies, the resolution
increases proportional to the square-root of closed-loop
bandwidth.
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Fig. 9. A piezoelectric tube scanner. The tube tip deflects laterally when an electrode is driven by a voltage source. The sensitivity is 171 nm/V which implies a range of
approximately 68 lm with a ±200 V excitation. In (b) a capacitive sensor is mounted perpendicular to the cube mounted on the tube tip.
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Fig. 10. The lateral frequency response (in lm/V) of the piezoelectric tube scanner
pictured in Fig. 9. The response was measured from the applied actuator voltage to
the resulting displacement.
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This experiment confirms an observation of scanning probe
microscope users: Although large range piezoelectric tubes are
suitable for atomic force microscopy, they cannot be used for scan-
ning tunneling microscopy where atomic resolution is required.
For such experiments, much smaller piezoelectric tubes are used
with a travel range of typically 1 lm. This reduces the effect of
amplifier voltage noise leading to an improvement in resolution.
8. Time domain noise measurements

As an alternative to frequency domain recording, the position
noise can also be estimated directly from time-domain measure-
ments. This procedure involves measuring the amplifier and sensor
noise and filtered by the noise sensitivity functions. Compared to
frequency-domain techniques, the time-domain approach has a
number of benefits: simplicity; a spectrum analyzer is not re-
quired; the distribution histogram can be plotted directly; and no
assumptions about the distribution are required to estimate the
peak-to-peak value or 6r-resolution. However, there are also a
number of disadvantages: it may be difficult to record signals with
1/f noise due to their high dynamic range; capturing both low- and
high-frequency noise requires data sets; there is less insight into
the nature of the noise; it is more difficult to plot the resolution
versus bandwidth.
8.1. Total integrated noise

A common method for reporting time-domain noise is known
as the total integrated noise, which is the RMS value or standard
deviation over a particular measurement bandwidth. The main
benefit of total integrated noise is that it can be measured directly
using simple instruments. For example, the plot in Fig. 13 can be
constructed with a variable cut-off low-pass filter and RMS
measuring instrument. The filter order should generally be greater
than three to minimize errors resulting from the non-ideal
response.
8.2. Estimating the position noise

The most straight-forward and conclusive method for measur-
ing the positioning noise of a nanopositioning system is to measure
it directly. However, this approach is not often possible as an addi-
tional sensor is required with lower noise and a significantly higher
bandwidth than the closed-loop system. In such cases, the position
noise can be predicted from measurements of the amplifier and
sensor noise. A benefit of this approach is that the closed-loop
noise can be predicted for a number of different bandwidths and
controllers, much like frequency domain techniques.

Referring to the feedback diagram in Fig. 4, the signals of inter-
est are the amplifier noise Vo and the sensor noise ns. As the posi-
tion noise is calculated by superposition, the amplifier noise should
be measured with the input signal grounded and the output con-
nected to the nanopositioner. Conversely, the sensor noise should
be measured with a dedicated test-rig to avoid the influence of
external disturbances. If the sensor noise must be measured
in situ, all of the nanopositioner actuators should be disconnect
from their sources and short-circuited.

After the constituent noise sources have been recorded, the po-
sition noise can be predicted by filtering the noise signals by the
sensitivity functions of the control-loop. That is, the position noise
is
dðtÞ ¼ nsðtÞ
�CðsÞPðsÞ

1þ CðsÞPðsÞ þ VoðtÞ
PðsÞ

1þ CðsÞPðsÞ : ð45Þ

The RMS value of the position noise can now be computed and
plotted for a range of different controller-gains and closed-loop
bandwidths.

Although the data sizes in time domain experiments must be
necessarily large to guarantee statistical validity, this is not a seri-
ous impediment since a range of numerical tools are readily avail-
able for extracting the required information.
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(a) Spectral density of the amplifier voltage noise
S Vo ( f ) in μV/ Hz

(b) Spectral density of the displacement noise due to
the amplifier S dns ( f ) in pm/ Hz

(c) Spectral density of the sensor noise S ns ( f ) in
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Fig. 11. The spectral density of the amplifier noise, the position noise due to the amplifier, and the sensor noise. In this case, the sensor noise is significantly larger than the
amplifier noise.
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Fig. 12. The experimental 6r-resolution of the nanopositioner versus closed-loop
bandwidth. The best resolution is 0.5 nm which degrades rapidly when the closed-
loop bandwidth is increased above 15 Hz.
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8.3. Practical considerations

Many of the considerations for frequency domain noise mea-
surements are also valid for time domain measurements. Of partic-
ular importance is the need for preamplification and the removal of
offset voltages. After a suitable preamplification scheme has been
implemented, the position noise can be estimated from recordings
of the sensor and amplifier noise. This requires a choice of the
recording length and sampling rate. The length of each recording
is defined by the lowest spectral component under consideration.
WIth a lower frequency limit of 0.1 Hz, a record length of at least
ten times the minimum period is required to obtain a statistically
meaningful estimate of the RMS value, which implies a minimum
recording length of at least 100 s. A longer record length is prefer-
able, but usually not practical.

A more rigorous method for selecting the record length is to cal-
culate the estimator variance as a function of the record length.
This relationship was described in [23], however, assumptions
are required about the autocorrelation or power spectral density.
In most cases, the simple rule-of-thumb discussed above is
sufficient.

When selecting the sampling rate, the highest significant fre-
quency that influences position noise should be considered. Since
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Fig. 13. The distribution and total integrated noise of the voltage amplifier and capacitive sensor. Both of the sensors exhibit an approximately Gaussian distribution.

Table 6
Recommended parameters for time domain noise recordings.

Record length 100 s
Amplifier bandwidth fV

Anti-aliasing filter cut-off frequency 7.5 � fV

Sampling rate 15 � fV
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the sensor noise is low-pass filtered by the closed-loop response of
the control loop, the highest significant frequency is usually the
bandwidth of the voltage amplifier. An appropriate choice of sam-
pling rate is fifteen times the amplifier bandwidth. This allows a
non-ideal anti-aliasing filter to be utilized with a cut-off frequency
of five times the amplifier bandwidth. Since the noise power of a
first-order amplifier drops to 3.8% at five times the bandwidth, this
technique captures the majority of noise power. The recommended
parameters for time-domain noise recordings are summarized in
Table 6.
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Fig. 14. The 6r-resolution versus closed-loop bandwidth derived from time-
domain measurements. This plot closely matches the frequency-domain result in
Fig. 12 except when the closed-loop bandwidth is less than 10 Hz, at these
frequencies the time-domain technique underestimates noise.
8.4. Experimental demonstration

In this section, the frequency domain noise analysis is repeated
in the time domain. The same piezoelectric tube nanopositioner,
capacitive sensor and high-voltage amplifier are used. Since the
bandwidth of the high-voltage amplifier is 2 kHz, the sampling rate
is chosen to be 30 kHz. To remove the DC offset, the high-pass cut-
off of the preamplifier was set to 0.1 Hz. The preamplifier is also
used for anti-aliasing with a cut-off frequency of 10 kHz as recom-
mended in Table 6. With a record length of 100 s, the data contains
3 � 106 samples.

The distribution and total integrated noise of the voltage ampli-
fier and sensor are plotted in Fig. 13. The RMS value of the ampli-
fier noise is 0.14 mV over the 0.1 Hz to 10 kHz measurement
bandwidth which corresponds to a predicted 6r-resolution of
0.84 mV. The measured 6r-resolution was 0.86 mV which supports
the assumption of approximate Gaussian distribution.

The RMS noise and 6r-resolution of the capacitive sensor was
measured to be 3.6 nm and 20 nm respectively. The capacitive sen-
sor also exhibits an approximately Gaussian distribution, albeit
with a slightly greater dispersion than the voltage amplifier.

For the sake of comparison, an inverse controller is used. That is,

CðsÞ ¼ a
s

1
PðsÞ ; ð46Þ
where P(s) is the second-order model of the nanopositioner and a is
the closed-loop bandwidth. The position noise can now be simu-
lated using the noise recordings and Eq. (45).

At low closed-loop bandwidth, the transient response time of
the system is significant. For this reason, only the second half of
the simulated output is used to calculate the resolution. For the
same reason, it is not practical to simulate a closed-loop band-
width of less than 1 Hz. This is an additional disadvantage of
time-domain approaches.

The predicted resolution is plotted against closed-loop band-
width in Fig. 14. As expected, this plot closely resembles Fig. 12
which was obtained from frequency domain data. The time and
frequency domain results are compared below in Table 7. With a
closed-loop bandwidth of 100 Hz, the predictions are identical,
however, at low closed-loop bandwidth, some discrepancy exists.
This is due to the long transient response in the time domain which
tends to underestimate the positioning noise. If necessary, a more
accurate result can be achieved by significantly increasing the
recording length, however this is not usually desirable or practical.



Table 7
The predicted closed-loop resolution using frequency and time-domain
measurements.

Bandwidth (Hz) Frequency domain (nm) Time domain (nm)

100 2.2 2.1
10 0.92 0.78

1 0.55 0.36
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9. A simple method for measuring the resolution of
nanopositioning systems

The previous time and frequency domain approaches for noise
analysis can provide a detailed prediction of resolution versus
the closed-loop bandwidth. However, these techniques also re-
quire careful measurement practices, specialized equipment, and
involved processing of the measured data. Given these complexi-
ties, there is a need for a simple practical procedure to accurately
estimate the closed-loop resolution of a nanopositioning system.
A new procedure that fulfills this goal is described in the following.
The method is based on a measurement of the closed-loop steady-
state voltage produced by the high-voltage amplifier. The voltage is
filtered by the open-loop response of the plant to reveal the closed-
loop resolution.

As shown in Fig. 4 the position d is equal to the voltage Va fil-
tered by the plant model. Hence, the position noise can be esti-
mated by measuring the closed-loop voltage noise Va and
filtering it by the plant dynamics. This measurement can be per-
formed in the time or frequency domain, is straight-forward, and
does not require any additional sensors.

The preamplification requirements discussed previously are
also applicable here. A preamplifier is required with a gain of
approximately 1000 and an AC coupling frequency of 0.1 Hz or less.
A simple protection circuit may also be required to avoid exceeding
the voltage range of the preamplifier.

In the case of a time-domain recording, the sampling rate
should be greater than fifteen times the amplifier bandwidth and
the record length should be 100 s or more. The actual position
noise can be estimated by filtering the recording by a model of
the plant. The portion of the simulated displacement that is ef-
fected by the transient response should be excised before calculat-
ing the RMS value and resolution.
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Fig. 15. The distribution of position noise in a piezoelectric tube nanopositioner with a cl
the 6r-resolution is 1.4 nm. A time domain recording of the position noise is illustrate
resolution is observed to be an accurate measure of the minimum distance between two
legend, the reader is referred to the web version of this article.)
In the frequency domain, the measured spectrum should be
split into two or three decades to provide sufficient resolution
and range. For example: 0–12 Hz, 12 Hz to 1.2 kHz, and 1.2–
12 kHz. The data should preferably be recorded in units of
V=

ffiffiffiffiffiffi
Hz
p

and have a frequency range of at least five times the ampli-
fier bandwidth. The RMS value and 6r-resolution can then be
found by evaluating the integral

r ¼
Z 1

0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
SVa ðf Þ

q
jPðj2pf Þjdf ð47Þ

where
ffiffiffiffiffiffiffiffiffiffiffiffiffi
SVa ðf Þ

p
is the spectral density of Va.

In the following, the ‘applied voltage’ technique is used to esti-
mate the resolution of the piezoelectric tube nanopositioner de-
scribed in Fig. 9. A simple analog integral controller is used to
provide a closed-loop bandwidth of 10 Hz. After setting the refer-
ence input to zero, the voltage applied to the nanopositioner was
preamplified by an SR560 amplifier with a gain of 500 and an AC
coupling frequency of 0.03 Hz. This signal was recorded for 100 s
with a sampling rate of 30 kHz.

To estimate the closed-loop positioning noise, the noise record-
ing was filtered by a model of the plant. The distribution of the dis-
placement estimate is plotted in Fig. 15(a) and has an RMS value of
0.24 nm and a 6r resolution of 1.4 nm. Since 1.4 nm is greater than
6 � 0.24 nm, the distribution is slightly more dispersed than a
Gaussian distribution. The estimated displacement noise can also
be used to visualize the expected two-axis performance. In
Fig. 15(b), nine 100 ms data sets were taken randomly from the
estimated position noise and plotted on a constellation diagram
with a spacing equal to the prescribed resolution. The 6r definition
of resolution can be observed to be a true prediction of the mini-
mum reasonable spacing between two distinct points.

10. Techniques for improving resolution

The obvious methods for improving resolution include reducing
the noise density and corner frequency of the amplifier and sensor
noise, however, these parameters may be fixed. In Section 4.3 is
was observed that the amplifier bandwidth should not be unneces-
sarily greater than the closed-loop bandwidth. Since a piezoelectric
actuator is primarily capacitive, the bandwidth can be arbitrarily
reduced by installing a resistor in series with the load. The result-
ing first-order cut-off frequency is fc = 1/(2pRC). This simple tech-
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nique can be used to restrict the bandwidth and avoid unnecessary
high frequency noise that may excite uncontrolled mechanical
resonances.

A significant source of positioning noise is the excitation of
mechanical resonance due to sensor noise. If the mechanical reso-
nance is lightly damped, it may become the dominant noise con-
tributor. This limitation can be aleviated through the use of
model-based [24,25] or inverse controllers. However, notch filters
and inverse controllers are sensitive to variations in resonance fre-
quency [26,27]. Damping control is an alternative technique that
provides improved robustness. Suitable damping controllers for
nanopositioning applications include polynomial based control
[28], shunt control [29,30], resonant control [31], Force Feedback
[12,32], and Integral Resonance Control (IRC) [33,34].

The resolution can also be improved by reducing the closed-
loop bandwidth, which may be possible if a feedforward controller
is used to compensate for the reduction of servo bandwidth
[21,35–37]. The noise sensitivity can also be reduced if the refer-
ence trajectory is periodic, which commonly occurs in nanoposi-
tioning applications [38]. Periodic trajectories can be effectively
controlled using repetitive [39] or iterative controllers [40,41],
both of which provide excellent tracking performance with less
noise than a standard control loop with similar tracking error.

Further noise advantages can be achieved if the reference tra-
jectory is also narrowband. For example, AFM scan trajectories
can be spiral [42,43] or sinusoidal [44–46]. In such cases, the con-
troller bandwidth can be essentially reduced to a single, or a small
number of frequencies [31].

Multiple sensors can also be used collaboratively to provide
both high resolution and wide bandwidth. For example, a low-
noise piezoelectric sensor can be used for active resonance damp-
ing while a capacitive sensor is used for low-frequency tracking
[47,12]. Magnetoresistive sensors have also shown promise for
low-noise high-bandwidth position sensing [48,49]. Multiple sen-
sors can be combined by complementary filters [12] or by an opti-
mal technique in the time [50] or frequency domain [51].
11. Conclusions

In this article the resolution of a nanopositioning system is de-
fined as the minimum distance between two non-overlapping
locations. This is equivalent to the maximum peak-to-peak random
variation in position. In nanopositioning applications, an appropri-
ate definition of the peak-to-peak variation is the bound that en-
closes 99.7% of observations. If the contributing noise sources are
Gaussian random processes, the peak-to-peak variation is equal
to six times the standard deviation, which is referred to as the
6r-resolution.

The foremost noise sources in a nanopositioning system were
identified as the amplifier voltage noise and the displacement sen-
sor noise. The simulation examples demonstrate that the mini-
mum positioning noise usually occurs in open-loop or with very
low closed-loop bandwidth. This implies that combined feedback
and feedforward control can achieve the best positioning
resolution.

Both frequency and time-domain techniques were described for
measuring and predicting the closed-loop resolution of a nanopo-
sitioning system. Although frequency domain techniques provide
a more intuitive understanding of the noise sources, time domain
recordings may be easier to perform. In practice, both techniques
require careful experimental procedures to avoid underestimating
or biasing the results.

Although the frequency and time domain techniques discussed
can predict the resolution of any closed-loop system, this process
may be too involved for some applications. The ‘applied voltage’
technique requires only one recording and one filtering operation
to predict the closed-loop resolution. Experimental results demon-
strate an excellent correlation with other standard methods.
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