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Abstract

Piezoelectric transducer (PZT) patches can be at-
tached to structures in order to reduce vibration. The
PZT patches essentially convert vibrational mechani-
cal energy to electrical energy. The electrical energy
can be dissipated via an electrical impedance. This pa-
per introduces a method of implementing an arbitrary
impedance using a current source and digital signal
processor (DSP). The \synthetic impedance" is used
to implement a piezoelectric shunt damping circuit for
a resonant simply-supported beam.

1 Introduction

Structures such as aircraft and spacecraft experi-
ence extensive vibrations during service that can re-
duce structural life and contribute to mechanical fail-
ure. Piezoelectric transducers (PZT's) in conjunction
with appropriate circuitry, can be used as a mechan-
ical energy dissipation device. By placing an electri-
cal impedance across the terminals of the PZT, the
passive network is capable of damping structural vi-
brations. If a simple resistor is placed across the ter-
minals of the PZT, the PZT will act as a viscoelastic
damper [5]. If the network consists of a series inductor-
resistor R � L circuit, the passive network combined
with the inherent capacitance Cp of the PZT creates
a damped electrical resonance. The resonance can be
tuned so that the PZT element acts as a tuned vibra-
tional energy absorber [5]. This damping methodol-
ogy is commonly referred to as passive shunt damping.
Passive shunt damping is regarded as a simple, low
cost, light weight, and easy to implement method of
controlling structural vibrations. Unlike many active
control techniques, passive shunt damping also results
in a controlled system that is guaranteed to be stable
in the presence of structural uncertainties.

Flexible mechanical structures contain an in�nite
number of resonant frequencies (or structural modes).
If the tuned energy absorber [5] is used to minimize

the vibration of a number of modes, one would need an
equal number of PZT patches and shunting circuits.
This is clearly impractical. Wu [10] reports a method
of damping multiple vibration modes using a single
PZT. This circuit includes a \current blocker" com-
prising of one parallel capacitor-inductor C�L circuit
that is placed in series with each parallel R�L shunt
circuit designed for one structural mode. Depending
on the number of structural modes to be shunt damp-
ened simultaneously, a di�erent number of C �L net-
works are placed in series with the parallel R�L shunt
branch.

There are a number of problems associated with
single and multi-mode shunt damping techniques.
PZT shunt circuits typically require large inductance
values. Therefore, virtual inductors are required to
implement the inductor elements. Virtual inductors
are large in size and sensitive to component varia-
tions and non-ideal characteristics. PZT shunt circuits
are capable of generating large voltages for moderate
structural excitations. This requires that the virtual
inductor circuits be constructed from high voltage op-
erational ampli�ers. At least 30 opamps are required
to shunt dampen three structural modes1.

This paper introduces a method for implementing
an impedance of arbitrary order and complexity. This
\synthetic impedance" is used in place of shunt damp-
ing networks to provide e�ective structural damping
without the problems associated with direct circuit
implementations.

2 Piezoelectric Devices

Piezoelectric devices have shown promising appli-
cations in active, semi-active, and passive vibration
control [8]. Piezoelectric materials convert mechani-
cal strains into electrical energy and vice versa. This
characteristic can be exploited, allowing them to be
used as both sensors and actuators.

1Based on a series circuit con�guration with current blocker's
in every branch, as shown in [10].



2.1 Piezoelectricity

Piezoelectricity was discovered by Pierre and
Jacques Curie in 1880. It is the phenomenon in which
certain crystalline substances develop an electric �eld
when subjected to pressure/forces, or conversely, ex-
hibit a mechanical deformation when subjected to an
electric �eld. This reciprocal coupling between me-
chanical and electrical energy renders piezoelectric
materials useful in many applications including active,
semi-active and passive vibration control.

The piezoelectric e�ect is found only in crystals
having no center of symmetry. Examples include
quartz, Rochelle Salt and synthetic polycrystalline ce-
ramics; polyvinylfuoride (PVDF) and lead-zirconate-
titanate (PZT). The last two are commonly used in
vibration control.

The piezoelectric e�ect is based on the elastic defor-
mation of electric dipoles in a materials crystal lattice.
If an external mechanical force deforms the crystal,
an electric �eld and hence a charge distribution at the
crystal's surface is generated. This e�ect is termed
the direct piezoelectric or \sensory e�ect". Applying
an electrical �eld causes a deformation of the dipoles,
leading to a constant volume strain of the crystal. This
is termed the inverse piezoelectric or \actuator e�ect".

2.2 Piezoelectric Modeling

Piezoelectric crystals have a three-dimensional
structure, i.e. crystal deformation occurs in 3 dimen-
sions. Practical mechanical uses only require the e�ect
in one or two dimensions, this can be approximated
by manufacturing piezoelectric patches with a large
length and width to thickness ratio.
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Figure 1: Piezoelectric model.

Piezoelectric transducers behave electrically like a
capacitor Cp and mechanical like a sti� spring [2]. It
is common practice to model the piezoelectric element
as a capacitor Cp in series with a voltage source de-
pendent on the dynamics of the resonant structure [4].

An example of the piezoelectric model is shown in
Figure 1.

3 Piezoelectric Shunt Damping

Shunt damping methodologies are often grouped
into two broad categories, single and multi-mode. Sin-
gle mode shunt damping techniques are simple but
damp only one structural mode for every PZT. Mul-
tiple mode shunt damping techniques require more
complicated shunt circuits but are capable of damping
many modes.

3.1 Single Mode Shunt Damping

Single mode damping was designed to reduce the
magnitude of one structural mode [3, 6]. Two exam-
ples of single mode damping are shown in Figure 2,
parallel and series shunt damping respectively. Shunt-
ing with a R�L circuit introduces an electrical reso-
nance. This can be tuned to one structural mode in a
manner analogous to a mechanical vibration absorber.
Single mode damping can be applied to reduce several
structural modes with the use of many piezoelectric
patches and damping circuits.

R1 L 1

R1

L 1
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Figure 2: Examples of single mode shunts: (a) parallel
case and (b) series case.

Problems may result if these piezoelectric patches
are bonded to or imbedded in the structure. First, the
structure may not have suÆcient room to accommo-
date all of the patches. Second, if there is insuÆcient
room, the structure may be altered or weakened when
the piezoelectric patches are applied. In addition, a
large number of patches can increase the structural
weight, making it unsuitable for applications such as
aerospace.



3.2 Multiple Mode Shunt Damping

To alleviate the problems associated with single
mode damping, multi-mode shunt damping has been
introduced; i.e. the use of one piezoelectric patch
to damp several structural modes. There are two
common circuit con�gurations for multi-mode shunt
damping, parallel and series. Examples of these two
con�gurations are shown below in Figure 3. There
are other examples of multi-mode shunt damping but
these will not be discussed in this paper.
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Figure 3: Examples of multiple mode shunts: (a) par-
allel case [10] and (b) series case.

The principle of multi-mode shunt damping is to in-
sert a current \blocking" circuit [9, 10, 11, 12] in series
with each shunt branch. In Figure 3, the \blocking"
circuit consists of capacitor and inductor in parallel
C3-L3. The number of antiresonant circuits in each R-
L shunt branch depends on the number of structural
modes to be shunt damped simultaneously. Each R-L
shunt branch is designed to dampen only one struc-
tural mode. For example, R1-L1 in Figure 3 is tuned
to resonate at !1, the resonant frequency of the �rst
structural mode to be damped. R2-L2 is tuned to !2,
the second structural mode to be damped.

According to [10], the inductance values for the
shunt circuits shown in Figure 3 can be calculated
from the following expressions. It is assumed that
!1 < !2.

L1 =
1

!21Cp

(1)

and

L2 =

�
L1

~L2 + ~L2L3 � L1L3 � !22L1
~L2L3C3

�
�
L1 �

~L2

�
(1� !22L3C3)

(2)

where ~L2 and L3 are

~L2 =
1

!22Cp

(3)

L3 =
1

!21C3
: (4)

Cp is the capacitance of the PZT.

3.3 Implementation DiÆculties

Currently shunt damping circuits are implemented
using a network of physical components. There are a
number of problems associated with this \direct cir-
cuit" implementation, the foremost are listed below.

� Typically the shunt circuits require large induc-
tor values (up to thousands of Henries). Virtual
grounded inductors and virtual oating inductors
(Riordan gyrators [7]) are required to implement
the inductor elements. Such virtual implemen-
tations are typically poor representations of ideal
inductors. They are large in size, diÆcult to tune,
and are sensitive to component age, temperature,
and non-ideal characteristics.

� Piezoelectric patches are capable of generating
hundreds of volts for moderate structural excita-
tions. This requires the entire circuit to be con-
structed from high voltage components. Further
voltage limitations arise due to the internal gains
of the virtual inductors.

� The minimum number of opamps required to
implement the shunt damping circuit increases
rapidly with the number of modes to be damped.
Table 1 summarizes the minimum number of
opamps required to implement a series con�gura-
tion multi-mode shunt damping circuit with cur-
rent blockers in every branch. The relationship
between the number of opamps and the number
of modes to be damped for this circuit con�gura-
tion is given by Opamps = 2n+4n(n� 1), where
n is the number of modes to be damped.



Modes to be damped Required number of opamps
1 2
2 12
3 30
4 56

Table 1: Number of opamps vs number of modes to
be damped.

4 Implementation of Shunt Damping

Circuits

It should be clear from previous sections that al-
though the concept of multi-mode shunt damping is
useful, implementation diÆculties make its applica-
tion somewhat limited. This section introduces a new
method of implementing the complicated shunt circuit
using only a few opamps, one resistor, and a digital
signal processor (DSP).

4.1 The Synthetic Impedance

We de�ne a \synthetic impedance" as a two termi-
nal device that has an arbitrary relationship between
voltage and current at its terminals. The functionality
is shown in Figure 4, where:

iz(t) = f(vz(t)) (5)

This can be made to synthesize any network of physi-
cal components by �xing iz to be the output of a linear
transfer function of vz . i.e.

Iz(s) = Y (s)Vz(s) (6)

where Y (s) � 1
Z(s) and Z(s) is the impedance to be

seen from the terminals.
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Figure 4: Synthetic impedance functionality.

Example 1 Synthesizing a Series R � L
Impedance

Consider the circuit diagram shown in Figure 5.
Suppose that it is desired to synthesize the L and R

Vc

C = 97.6 nF R = 1000

L = 5 H

Vz

Figure 5: Ideal test circuit.

components. The desired impedance is Zs = Ls+ R,
thus Y (s) = 1

Ls+R . Y (s) can be implemented using an
analog low pass �lter with gain or a DSP. In this exam-
ple the dSPACE 2 DSP system is used to simulate the
transfer function in real time (any other suitable DSP
system may be used). The implementation of the volt-
age controlled current source is shown in Figure 6. To
verify correct operation, the frequency response was
measured between the source voltage Vc, and the syn-
thetic impedance Vz . This is plotted along with the
theoretical response in Figure 7. A more detailed dis-
cussion of the implementation follows in later sections.

G(s)

Rc

Vc

C = 97.6nF

Figure 6: Test circuit with synthetic impedance.

4.2 Circuit Diagram / Transfer Function.
Interconnection Equivalence

In Example 1, Y (s) is formed analytically by cal-
culating the complex admittance of the network. In
practical situations where there may be a large number
of shunt circuit elements, it is desirable to \redraw"

2A real time DSP package for prototyping control systems.
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Figure 7: Theoretical (|) and experimental (...) fre-
quency response.

the circuit as a transfer function block diagram so that

the overall output(s)
input(s) relationship is equal to Y (s). This

can simplify the process of writing DSP algorithms.
Moreover, if a graphical compilation package such as
the Real Time Workshop for MATLAB is available,
the need for any transfer function derivations or algo-
rithm coding is completely removed.

Two transformations of interest are shown in Fig-
ures 8 and 9. These can be combined to �nd an
equivalent transfer function form for any network of
impedances.

Parallel circuit equivalence. Consider the par-
allel network components Z1; Z2; : : : ; Zi as shown in
Figure 8. The terminal impedance and admittance of
this network is:

ZT (s) = (
1

Z1
+

1

Z2
+ : : :+

1

Zi

)�1 (7)

YT (s) =
1

Z1
+

1

Z2
+ : : :+

1

Zi

(8)

Now consider the transfer function block diagram also
shown in Figure 8.

G(s) =
T (s)

R(s)
=

1

Z1
+

1

Z2
+ : : :+

1

Zi

(9)

It is noted that YT (s) andG(s) (Equations 8 and 9) are
identical. Therefore, if a synthetic impedance (shown
in Figure 6) is implemented with a transfer function
equal to G(s), the impedance seen from the terminals
will be identical to the impedance of the parallel net-
work shown in Figure 8 (with impedance ZT (s) given
by Equation 7).

Series circuit equivalence. Consider the series
network components Z1; Z2; : : : ; Zi as shown in Figure
9. The terminal impedance and admittance of this
network is:

ZT (s) = Z1 + Z2 + : : :+ Zi (10)

YT (s) =
1

Z1 + Z2 + : : :+ Zi

(11)

Now consider the transfer function block diagram also
shown in Figure 9

G(s) =
T (s)

R(s)
=

1
Z1

1 + 1
Z1

Z2 + : : :+ 1
Z1

Zi

(12)

G(s) =
1

Z1 + Z2 + : : :+ Zi

(13)

It is noted that YT (s) and G(s) (Equations 11 and
13) are identical. Therefore, if a synthetic impedance
(shown in Figure 6) is implemented with a transfer
function equal to G(s), the impedance seen from the
terminals will be identical to the impedance of the se-
ries network shown in Figure 9 (with impedance ZT (s)
given by Equation 10).

Z i
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Circuit 
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Z
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Figure 8: Parallel equivalence.
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Figure 9: Series equivalence.

5 Synthesis of Piezoelectric Shunt

Damping Circuits

A synthetic impedance that implements the multi-
mode shunt damping circuit shown in Figure 3 (b) will
now be designed.



The implementing circuit is shown in Figure 10,
this is similar to the example implementation shown
in Figure 6. A voltage controlled current source con-
structed from a single opamp is used together with
bu�er/ampli�ers and a DSP system to simulate an
impedance. The two unity gain bu�ers are replaced
with non-inverting ampli�ers of gain 1

10 and 10. This
retains the functionality while allowing the DSP sys-
tem to operate at a voltage 10 times less than that
dealt with by the current source and bu�er/ampli�ers.
A voltage protection device is placed at the input to
the DSP analog to digital converter. The only required
high voltage components are now the bu�er/ampli�er
and current source opamp. The resistor Rc sets the
transconductance gain of the system. In order to min-
imize quantization error a reasonable portion of the
digital to analog converters range should be utilized.
A larger resistor requires a larger voltage to provide
a speci�ed current. To maintain a unity transconduc-
tance, a gain equal to the value of the resistance Rc

should be placed internally in the DSP algorithm or
in series with a transfer function block diagram.

Piezoelectric 
Shunt

Structure

Analog/Digital
Transfer
Function

R

10

1/10

Zener Diode
Protection

c

Figure 10: Synthetic impedance implementation.

As discussed in Section 4.2 there are two approaches
to designing the DSP algorithm. The �rst involves de-
riving the admittance transfer function of the network
then implementing the time domain response on the
DSP. The second approach, using a graphical compila-
tion package does not require any derivations or coding
and will be used here. The circuit of Figure 3 (b) is
'redrawn' in Simulink3 as a transfer function block di-
agram using the rules described in Section 4.2. The re-
sulting Simulink block diagram is shown in Figure 11.
The Real Time Workshop for Matlab is now invoked
to compile the Simulink diagram into executable code.
This is downloaded onto the DSP hardware4 and ex-
ecuted in real time. The sampling time of the digital

3A graphical simulation environment for Matlab.
4The target processing hardware is the dSPACE ds1103 pro-

cessing and I/O board.

system is 80 kHz.

1
L s+R1 1

1
L s+R2 2

L s

L C s  +12
3 3

3

A2D D2A

Figure 11: Admittance transfer function.

6 Experimental Results

To validate the synthetic impedance, shunt damp-
ing experiments were performed on a simply-
supported piezoelectric laminated beam, i.e. a me-
chanically resonant structure. The experimental setup
is shown in Figure 12.

V (s)a

Actuator
Layer

Shunting
Layer

Z

Shunting Impedance

y

x
d(x,s)

Figure 12: Piezoelectric laminated simply-supported
beam.

6.1 Experimental Setup

The simply supported beam is a uniform aluminum
beam of rectangular cross section with experimentally
pinned boundary conditions at both ends. A pair of
piezoelectric ceramic patches (PIC151) are attached
symmetrically to either side of the beam surface. One
patch is used as an actuator and the other as a shunt-
ing layer. Experimental beam and piezoelectric pa-
rameters are summarized in Tables 2 and 3.

The synthetic impedance is now used in place of the
passive network shown in Figure 3 (b). As discussed in
Section 5, the circuit is redrawn as a transfer function
block diagram then compiled using the MATLAB Real
Time Workshop. The resulting DSP application is
downloaded and executed on the dSPACE ds1103 DSP
board.



Length, L 0:6 m
Width, wb 0:05 m

Thickness, hb 0:003 m
Youngs Modulus, Eb 65� 109 N=m2

Density, � 2650 kg=m2

Table 2: Parameters of the simply-supported beam.

Length 0:070 m
Charge Constant, d31 �210� 10�12 m=V
Voltage Constant, g31 �11:5� 10�3 V m=N

Coupling CoeÆcient, k31 0:340
Capacitance, Cp 0:105 �F
Width, ws wa 0:025 m

Thickness, hs ha 0:25� 10�3 m
Youngs Modulus, Es Ea 63� 109 N=m2

Table 3: Parameters of the PIC151 piezoelectric
patches.

Burr-Brown OPA445AP opamps are used
in the construction of the current source and
bu�er/ampli�ers, these have a supply voltage limit of
+=� 45 V .

The component values for the implemented shunt
circuit were derived from Equations (1), (2), (4), and
experimentally determined values for !1 and !2. The
capacitance parameter C3 is arbitrary and is chosen to
be 100nF . The resistance values R1 and R2 are calcu-
lated using the method described in [1]. This method
�nds resistance values that minimize the H2 norm of
the resulting damped system d(x=0:170;s)

Va(s)
, where d(x,s)

is the displacement of a point x m from the end of the
beam, and Va(s) is the applied actuator voltage. A
summary of the resulting component values is shown
in Table 4.

6.2 Results

To examine the damping performance of the syn-
thetic impedance, the piezoelectric actuator is used to

L1 43 H
L2 23.9 H
L3 45.2 H
R1 1543 

R2 1145 

C3 100 nF

Table 4: Component values for the shunt circuit shown
in Figure 3 (b).

excite the beam. The frequency response can now be
measured between the applied actuator voltage Va(s)
and the displacement of a point on the beam d(x; s).
The displacement measurement is performed using a
Polytec Scanning Laser Vibrometer (PSV-300). This
instrument utilizes the Doppler shift of reected laser
light from a moving target to derive the acceleration,
velocity, and displacement of the target.

Figure 13 shows the frequency response of the ex-
perimental beam from applied actuator voltage to dis-
placement at a point 170 mm from the end of the
beam. Both uncontrolled and shunt damped responses
are shown.
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Figure 13: Frequency response of the experimental
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Figure 14: Step response of the experimental beam.

Passive shunt damping using the synthetic
impedance results in the second and third structural
modes being damped by 22 and 18 dB respectively.
A direct circuit implementation of the same shunt cir-
cuit, on the same experimental apparatus, results in a
peak damping performance of 19.4 and 14.8 dB [1]. It
is noted that simulations performed in [1] using ideal



components results in a response that is identical to
the that achieved using the synthetic impedance.

Figure 14 shows the uncontrolled and shunt
damped step responses of the beam. The input step
is bandpass �ltered from 40 to 200 Hz, ampli�ed, and
applied to the actuator. The velocity at a point 170
mm from the end of the beam is then recorded. The
settling time of the shunt damped beam is approxi-
mately one eighth that of the uncontrolled beam.

The synthetic impedance has proven to be a high
performance method of implementing shunt damping
circuits. It has a low number of high voltage compo-
nents, is virtually immune to sub-optimal performance
due to component temperature or time variation, and
requires no tuning of sensitive virtual circuits.

7 Conclusions

Modern design speci�cations have given rise to the
widespread use of lightweight structures for high per-
formance applications. These structures can be prone
to undesirable resonant vibrations. Considerable re-
search has been undertaken with the aim of damping
these vibrations using a piezoelectric transducer and
shunt damping circuit. Results have been encourag-
ing but the implementation of the damping circuit is
impractical due to complexity, component instability,
and cost. A method has been presented for synthe-
sizing a network of passive components so that the
problems with shunt damping circuits can be allevi-
ated.

The synthetic impedance also provides a means for
designing circuit network substitutes with arbitrary
response and functionality. Future work may involve
using the exibility of the synthetic impedance to re-
formulate the damping problem in a control systems
perspective.
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