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Note: A method for estimating the resolution of nanopositioning systems
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This Note describes a new technique for estimating the resolution of nanopositioning systems.
By recording the voltage applied to an actuator and performing a filtering operation, the position
noise and resolution can be estimated. This technique is simple to apply in practice and does not
require any additional sensors or specialized equipment. © 2012 American Institute of Physics.
[http://dx.doi.org/10.1063/1.4739508]

The most straightforward and conclusive method for
measuring the positioning noise of a nanopositioning sys-
tem is to measure the position noise directly. However, this
approach is not often possible as an additional sensor is re-
quired with lower noise and a significantly higher bandwidth
than the closed-loop system. Instead, the position noise is typ-
ically predicted from measurements of the sensor noise.1–4

However, this approach tends to underestimate the position
noise since the influence of the high-voltage amplifier is
neglected.

In this Note, a new method is proposed for measuring the
resolution of nanopositioning systems. While the system is
operating in closed-loop, the voltage applied to the piezoelec-
tric actuator is recorded, either with a spectrum analyzer or in
the time domain. The data is then filtered by a model of the
system dynamics or a frequency response to produce an es-
timate of the positioning noise and resolution. This approach
captures the effect of all electronic and sensor noise without
the need for additional sensors.

Compared to standard methods,1–4 the proposed tech-
nique has two significant benefits. First, only a single mea-
surement is required to capture both the amplifier noise
and sensor noise. Other techniques require the individual
measurement of each noise source. Second, the frequency
response or model of the open-loop system is easier to ob-
tain than the closed-loop model, which is required by other
methods. Furthermore, in many practical situations, the con-
troller may be manually tuned and not precisely known,
which makes it difficult to estimate the closed-loop sensitivity
functions.

When a nanopositioner has settled to a commanded lo-
cation, a small amount of random motion remains due to the
sensor noise, amplifier noise, and external disturbances. The
residual random motion means that two adjacent commanded
locations may actually overlap, which can cause manufactur-
ing faults or imaging artifacts. To avoid these eventualities, it
is critical to know the minimum distance between two adja-
cent but unique locations.

Since the noise sources that contribute to random posi-
tion errors have a potentially large dispersion, it is imprac-
tically conservative to specify a resolution where adjacent
regions never overlap. Instead, it is preferable to state the
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probability that the actual position is within a certain bound.
Consider the example of random positioning errors plotted in
Figure 1(a). Observe that the peak-to-peak amplitude of ran-
dom motion is bounded by δx and δy; however, this range
is occasionally exceeded. If the random position variation is
assumed to be Gaussian distributed, the probability density
functions of three adjacent points, spaced by δx, are plotted
in Figure 1(b). In this example, δx is equal to ±3σ x or 6σ x,
where σ x is the standard deviation or rms value, so 99.7% of
the samples fall within the range specified by δx. Restated,
there is a 0.3% chance that the position is exceeding δx and
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FIG. 1. The random motion of a two-dimensional nanopositioner.
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FIG. 2. A single axis feedback control loop with a plant P(s) and controller
C(s).

straying into a neighboring area, this probability is shaded in
grey.

In nanopositioning applications, a 99.7% probability that
the position falls within 6σ x is an appropriate definition for
the resolution. To be precise, this definition should be referred
to as the 6σ -resolution and specifies the minimum spacing
between two adjacent points that do not overlap 99.7% of
the time. If the noise is non-Gaussian, the 99.7 percentile,
or peak-to-peak value, must be measured directly rather than
predicted from the rms value.

In other applications where more or less overlap between
points is tolerable, another definition of resolution may be
more appropriate. For example, the 4σ resolution would re-
sult in an overlap 4.5% of the time, while the 10σ resolution
would almost eliminate the probability of an overlap. Thus,
it is not the exact definition that is important; rather, it is the
necessity of quoting the resolution together with its statistical
definition.

The foremost sources of noise in a nanopositioning ap-
plication are the amplifier noise, sensor noise, and external
disturbances. As shown in Figure 2, the amplifier noise Vo ap-
pears at the plant input. In contrast, the external disturbances
w act at the plant output and the sensor noise ns disturbs the
measurement. For the sake of simplicity, the voltage amplifier
is considered to be part of the controller.

Considering the limitations of standard noise prediction
techniques discussed in the introduction, there is a need for a
practical procedure that can accurately estimate the closed-
loop resolution of a nanopositioning system. A new pro-
cedure that fulfills this goal is described in the following.
The applied-voltage method predicts the positioning noise
from a measurement of the closed-loop voltage applied to the
nanopositioner. The recorded voltage is then filtered by the
open-loop frequency response or model of the plant to reveal
the closed-loop resolution.

The feedback diagram of a single-axis control loop is il-
lustrated in Figure 2. The output position d is equal to the
applied voltage Va filtered by the plant P(s). Hence, the po-
sition noise due to the amplifier and sensor can be estimated
by measuring the closed-loop voltage noise Va and filtering it
by the plant dynamics. This measurement can be performed
in the time or frequency domain and does not require any ad-
ditional sensors.

If the power spectral density of Va is recorded, the spec-
tral density of the position noise d is

Sd (f ) = SVa
(f ) |P (j2πf )|2 , (1)

where Sd(f) is the power spectral density of d, SVa
(f ) is the

power spectral density of Va , and P(j2π f) is the frequency

response of the system or model. The rms value of d can then
be computed from the Wiener Khinchin relations

σd =
√∫ ∞

0
Sd (f ) df . (2)

Assuming a Gaussian distribution, the 6σ -resolution is then δ

= 6 × σ d. In the time domain, the position noise estimate is
Va filtered by the plant model P(s), that is, d(t) = P (s)Va(t).

To ensure a valid estimate of resolution, there are a num-
ber of practical considerations that should be considered. As
the output voltage noise of a high-voltage amplifier is typi-
cally in the range of 1 to 20 mVp-p, the signal must be pream-
plified. In addition, the potentially large (hundreds of volts)
dc offset must be removed by ac coupling. In nanoposition-
ing applications, frequencies down to 0.1 Hz are of interest
so the cut-off frequency of the high-pass filter must be below
0.1 Hz. For example, the Stanford Research SR560 amplifier
has a high-pass cut-off frequency of 0.03 Hz.

When utilizing low-frequency ac coupling, it is important
to allow the transient response of the filter to decay before
recording data. When measuring small ac signals with large
dc components, it may take in excess of 20 time-constants
for the transient response to become negligible. With an ac
coupling frequency of 0.03 Hz, the required delay is approx-
imately 100 s. More generally, the measurement delay TD

should be at least TD = 20
2πfc

, where fc is the high-pass filter
cut-off.

If frequency domain data is recorded, the measured spec-
trum should be split into two or three decades to provide
sufficient resolution and range. For example: 0 to 12 Hz,
12 Hz to 1.2 kHz, and 1.2 kHz to 12 kHz. The data should
have a frequency range of at least five times the amplifier
bandwidth. The rms value and 6σ -resolution can then be
found by evaluating the integral in Eq. (2). Alternatively, it
may be more convenient to use the spectral density

√
SVa

(f )
with units of V/

√
Hz. In this case, the standard deviation is

σ =
∫ ∞

0

√
SVa

(f ) |P (j2πf )| df. (3)

Time domain recordings require a choice of the recording
length and sampling rate. The length of each recording is de-
fined by the lowest spectral component under consideration.
With a lower frequency limit of 0.1 Hz, a record length of at
least ten times the minimum period is required to obtain a sta-
tistically meaningful estimate of the rms value, which implies
a minimum recording length of at least 100 s. A longer record
length is preferable, but may not be practical.

When selecting the sampling rate, the highest significant
frequency that influences position noise should be considered.
Since the sensor noise is low-pass filtered by the closed-loop
response of the control loop, the highest significant frequency
is usually the bandwidth of the voltage amplifier. An appro-
priate choice of sampling rate is 15 times the amplifier band-
width. This allows a non-ideal anti-aliasing filter to be utilized
with a cut-off frequency of five times the amplifier bandwidth.
Since the noise power of a first-order amplifier drops to 3.8%
at five times the bandwidth, this technique captures the
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TABLE I. Recommended parameters for time domain noise recordings.

Amplifier bandwidth fV

Anti-aliasing filter cut-off frequency 7.5 × fV

Sampling rate 15 × fV

Record length 100 s

majority of noise power. The recommended parameters for
time-domain noise recordings are summarized in Table I.

In the following, the applied-voltage technique is em-
ployed to estimate the resolution of the piezoelectric tube
described previously.5 The tube displacement sensitivity is
171 nm/V which implies a range of approximately 68 μm
with a ±200 V excitation. The voltage amplifier used to drive
the tube is a Nanonis HVA4 high-voltage amplifier with a gain
of 40. The position sensor is an ADE Tech 4810 Gaging Mod-
ule with 2804 capacitive sensor. This sensor has a full range
of ±100 μm and a sensitivity of 0.1 V/μm.

A model was identified from the frequency response us-
ing the MATLAB function invfreqs. The resulting parame-
ters are

P (s) = B(s)

A(s)
= 0.01151s2 + 116s + 2.541 × 106

s2 + 66.73s + 2.658 × 107
μm/V.

(4)
Alternatively, the model could be obtained from time-domain
recordings using a white-noise or step response excitation.6, 7

For the sake of demonstration, an analog integral con-
troller was implemented with a closed-loop bandwidth of
10 Hz. After setting the reference input to zero, the voltage
applied to the nanopositioner was preamplified by an SR560
amplifier with a gain of 500 and an ac coupling frequency of
0.03 Hz. This signal was recorded for 100 s with a sampling
rate of 30 kHz.

To estimate the closed-loop positioning noise, the noise
recording was filtered by the model (4) using the MATLAB

function lsim. The distribution of the resulting displacement
estimate, plotted in Figure 3(a), has a rms value of 0.24 nm
and a 6σ resolution of 1.4 nm. Since 1.4 nm is greater than
6 × 0.24 nm, the distribution is slightly more dispersed than
a Gaussian distribution.

In Figure 3(b), the estimated closed-loop noise is used
to visualize the expected two-axis resolution. This figure is
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(b) Simulated constellation diagram of nine
two-dimensional points spaced by the 6σ-
resolution.

FIG. 3. (a) The distribution of position noise in a piezoelectric tube nanopo-
sitioner with a closed-loop bandwidth of 10 Hz. (b) The simulated position
noise is plotted in two dimensions to illustrate the concept of resolution is
two axes.

only a simulation but is useful for illustrating the concept of
6σ resolution in two axes. Nine 100 ms data sets were taken
randomly from the estimated position noise and plotted on a
constellation diagram with a spacing equal to the prescribed
resolution.

The resolution obtained above can also be compared to
that predicted from measurements of the open-loop sensor
and amplifier noise.8 With the same closed-loop bandwidth
(10 Hz) the standard frequency domain approach estimates
the closed-loop resolution to be 1.5 nm, which compares well
to the 1.4 nm predicted by the applied-voltage technique.
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